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This paper is concerned with formation acquisition and reconfiguration problems with an eccentric reference

orbit. As a first step, the characterization problem is considered for all initial conditions that constitute periodic

solutions of the nonlinear equations of relativemotion. Under the condition that the inertial orbits of the leader and a

follower are coplanar, initial conditions of all periodic relative orbits are generated in terms of parameters of their

orbits and their initial positions. Then the inertial orbit of the follower is rotated successively around the two axes

of its perifocal reference system, and the initial conditions of all noncoplanar relative orbits are derived. Based on

these periodic relative orbits, formation acquisition and reconfiguration problems by a feedback controller are

formulated. The main performance index of a feedback controller is the total velocity change during the operation.

Using the property of null controllability with vanishing energy of the Tschauner–Hempel equations, suboptimal

controllers are designed via the differential Riccati equation of the linear regulator theory of periodic systems.

I. Introduction

E QUATIONS of relative motion with a circular reference orbit
are nonlinear autonomous differential equations. The linearized

equations around the null solution were introduced to study
rendezvous problems [1]. Now they are known as Hill–Clohessy–
Wiltshire (HCW) equations [2–4]. After the introduction of for-
mation flying in the 1980s, the HCW equations were used for
formationkeeping problems [5–8] and formation problems [9–16].

Vassar and Sherwood [5] assumed impulse maneuvers at given
sampling times and employed the discrete-time linear quadratic
regulator (LQR) theory. Leonard et al. [6] used three-valued dif-
ferential drag between two satellites for controlling the relative
motion.Redding et al. [7] proposed a controller based on feedforward
control and the discrete-timeLQR theory.Motivated bynewdevelop-
ments in propulsion technologies, Kapila et al. [8] employed pulse
control and designed stabilizing feedback controls by the discrete-
time LQR theory.

Kong et al. [9] proposed formation flying for aperture synthesis
with application to an Earth imager system. The HCW equations
possess periodic solutions, and they are often used for formation
problems. Kang et al. [10] used feedback linearization and the
continuous-time LQR theory to track a periodic solution of the HCW
equations. Campbell [11] considered a reconfiguration problem
between two periodic solutions and formulated a minimum-time
problem as well as a minimum-fuel problem, in which the time
interval is finite and the cost function is the absolute integral of the
thrust. Schaub [12] derived a description of the relative orbit in terms
of orbit element differences for both circular and eccentric reference
orbits. Vaddi et al. [13] considered formation and reconfiguration
problems using orbit element differences and obtained a two-impulse
solution. Palmer [14] considered a finite-time formation problem in

which the square integral of the thrust accelerations is minimized
and analytic solutions for the thrust functions are given. Shibata and
Ichikawa [15] considered a formation reconfiguration problem by
feedback for both circular and eccentric reference orbits. Ichimura
and Ichikawa [16] considered a formation reconfiguration problem
by impulse control. Designed feedback controllers in [10,15,16]
were applied to the original nonlinear equations of relative motion,
but periodic orbits used for formation flying were not their solutions.
A more natural formation problem is to use periodic solutions of the
nonlinear relative dynamics. Motivated by this observation, initial
conditions of all periodic solutions of nonlinear equations of relative
motion with a circular reference orbit have been explicitly given by
Bando and Ichikawa [17] in terms of the initial true anomaly, mean
motion, semimajor axis, and eccentricity of the follower’s inertial
orbit and its two rotation angles. A new formation problem has been
solved using the linear regulator theory and the null controllability
with vanishing energy (NCVE) of the HCW system [15].

Equations of relative motion with an eccentric reference orbit
are nonlinear differential equations involving the radius and true
anomaly of the eccentric orbit. The linearized equations around the
null solution are also introduced to study rendezvous problems and
are now known as Tschauner–Hempel (TH) equations [18–20]. The
TH equations also have periodic solutions, which are useful for
formation problems. They were characterized by Inalhan et al. [21],
and the initialization procedure to periodic motion was given.
Periodic solutions also follow from the transition matrix of the TH
system in [22]. The effects of eccentricity on the shape and size of
relative orbits were studied in [23]. The reconfiguration problem
based on these periodic solutions was studied by Shibata and
Ichikawa [15], and feedback controllers were designed using a
differential Riccati equation and the NCVE property of the TH
system. The main performance index is the L1-norm of the control
input. Periodic relative orbits of the TH equations are not solutions of
the original nonlinear relative dynamics. Hence, if one considers a
formation acquisition problem or a reconfiguration problem for the
nonlinear equations of relative motion, it is more natural to use their
periodic solutions.

Periodic solutions of the nonlinear relative dynamics with an
eccentric reference orbit are used by Gurfil [24] for the initialization
problem, in which given initial conditions of the nonlinear relative
dynamics are adjusted by a single impulse to those of a periodic
solution. The initialization problem with minimum velocity change
is solved using an energy-matching condition. However, this method
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is not applicable to a formation acquisition problem with a given
relative orbit or to a reconfiguration problem. Periodic motion of the
nonlinear relative dynamics is also studied by Sengupta et al. [25]
using the gravity potential of the follower and its series expansion in
Legendre polynomials. Periodic solutions of the nonlinear relative
dynamics generated by two inertial elliptic orbits are used byKetema
[26] for a reconfiguration problem with two impulses. However, the
relative orbits used in the formation problem are the first-order
approximations of the original periodic orbits in three parameters
concerning the difference of eccentricity vector, the offset for the
center of a relative orbit, and the angle of inclination, and they
coincide with elliptic relative orbits of the HCWequation.

The purpose of this paper is to formulate formation acquisition and
reconfiguration problems for the nonlinear equations of relative
motion along an eccentric orbit using their periodic solutions. First,
the characterization results of [17] are extended to the case of an
eccentric reference orbit. The relative motion of two satellites is
periodic if the semimajor axes of their inertial orbits are equal. Using
this fact, initial conditions of all periodic solutions of the nonlinear
equations of relative motion are explicitly given in terms of the
parameters of the follower’s inertial orbit and two rotation angles
between two perifocal reference systems. Setting the eccentricity
of the leader satellite equal to zero, our results recover those of [17].
Our formation acquisition problem is to steer the follower from
an arbitrary initial state to a given periodic relative orbit using a
feedback controller. If the follower is initially in a periodic relative
orbit, it becomes a reconfiguration problem. Feedback controllers are
designed through a differential Riccati equation (DRE) of the TH
system by taking penalty matrices as design parameters. The main
performance index is the total velocity change or theL1-norm of their
control input, but the L2-norm of the control input, the maximum of
each component of the control input, and the settling time are also
computed. For three examples, feedback controllers are designed,
and controlled trajectories, control histories, and their total velocity
changes are given. The performance indices of two examples are
close to those of a reconfiguration problemof [15] concerning the TH
system, which shows that the LQR controllers are equally effective
for our new formation acquisition and reconfiguration problems.

To reduce the total velocity change of the control input generated
by the LQR feedback controller, the NCVE property of the TH
system is used [15–17]. The notion of NCVE was introduced by
Priola and Zabczyk [27] for infinite-dimensional systems. A linear
system is null-controllable with vanishing energy (also denoted by
NCVE) if any state can be steered to the origin by a control with an
arbitrarily smallL2-norm, as the control duration becomes arbitrarily
large. The notion of NCVE was extended by Ichikawa [28] to
discrete-time systems and periodic systems. The NCVE property of
bothHCWandTH systemswas shownbyShibata and Ichikawa [15].
This property ensures the design of a feedback controller with an
arbitrarily small L2-norm through the LQR theory, taking a small
(large) penalty matrix on state (control, respectively). It is shown in
[15] that the total velocity change of the control input also decreases
monotonically as the penalty on control increases. This property is
also confirmed for our new formation acquisition and reconfiguration
problems.

This paper is organized as follows. Section I is an introduction.
Section II reviews the equations of relative motion and gives the
characterization of initial conditions of all periodic solutions of the
nonlinear relative dynamics. Section III gives formation acquisition
and reconfiguration problems and discusses the design of feedback
controllers. Section IVpresents simulation results on three examples.
Section V gives conclusions.

II. Equations of Relative Motion
and Their Periodic Solutions

The equation of motion of a satellite subject to the gravitational
force of the Earth and a control input is given by Newton’s
equation [4]:

�R�� �
R3
R� u (1)

where R is the position vector of the satellite from the center of the
Earth, � is the gravitational parameter of the Earth, R� jRj, and u
is the control acceleration. If u� 0 and the orbit of Eq. (1) is
eccentric, then

R�t� � p

1� e cos ��t� (2)

where p� a�1 � e2� is the semilatus rectum, a is the semimajor
axis, e is the eccentricity of the orbit, and � is the true anomaly.
The period of the orbit is T � 2��a3=��1=2, and the orbital mean

motion, which is the average of the orbit rate _�, is n� ��=a3�1=2.
The following lemma for an eccentric orbit �R; �� is useful for later
developments.

Lemma 1.

p _��t� �
�
�

p

�
1=2

�1� e cos ��t��2

p
d

dt

cos���t� � ��
1� e cos ��t� � �

�
�

p

�
1=2

�sin���t� � �� � e sin��

p
d

dt

sin���t� � ��
1� e cos ��t� �

�
�

p

�
1=2

�cos���t� � �� � e cos��

where � is an arbitrary phase angle. The first equation follows from
Kepler’s second law concerning the area velocity [4], and the other
two equalities are obtained by direct differentiation.

Now consider two satellites subject to the central gravity field of
the Earth, one of which is flying in a given eccentric orbit denoted by
�RL; �L� and is referred to as a leader, and the other flying nearby is
referred to as a follower. The relative motion of the follower with
respect to the leader is given via Eq. (1) as follows:

�x� 2 _�L _y� ��Ly� _�
2
Lx�

�

R2
L

� �
R3
�x� RL� � ux

�y��2 _�L _x � ��Lx� _�
2
Ly �

�

R3
y� uy; �z�� �

R3
z� uz (3)

where the coordinate system �x; y; z� is fixed at the center of mass of
the leader; x, y, and z axes are along the radial direction, the flight
direction of the leader, and the normal direction, respectively (see
Fig. 1); R� ��RL � x�2 � y2 � z2�1=2; and ux, uy, and uz are the
control accelerations.

Let aL and eL be the semimajor axis and the eccentricity vector,
respectively, of the leader’s orbit. Then the orbit is also denoted
by �L � �aL; eL�. Assume that the follower is in an eccentric orbit
�� �a; e� in the inertial frame. Let �X; Y; Z� be its perifocal
reference framewhose origin is the center of the earth, and theX axis
is in the direction of the eccentricity vector e. Assume first that
two inertial orbits are coplanar, as shown in Fig. 1, inwhichR andRL
are the position vectors of the follower and the leader, respectively,

x

y

X

Y

R
r

Eccentric Orbit

RL
θ

θL

tFollower at

tLeader at

θL0

LeXL

YL

Fig. 1 Leader and follower at t: coplanar.

386 BANDO AND ICHIKAWA



and r is the relative position vector. Let t0 be the time at which the
leader is in the direction of e (X axis). Let �R; �� denote the eccentric
orbit of the follower, and set �0 � ��t0�. Below, the initial conditions
of Eq. (3) at t0 will be calculated. Recall that the relativemotion of the
follower is periodic if and only if a� aL, because in this case, the
periods of the two eccentric orbits coincide.

Note that r�t� in the �X; Y; Z� coordinate system is given by

r �t� �R�t� � RL�t� �
R�t� cos ��t� � RL�t� cos��L�t� � �L0�
R�t� sin ��t� � RL�t� sin��L�t� � �L0�

0

2
4

3
5
(4)

where �L0 � �L�t0� is the angle between e and eL. Note that
the angular velocity of the rotating frame �x; y; z� is !�
� 0 0 _�L�t� �T . Hence, the derivatives of r�t� in the �X; Y; Z� and
�x; y; z� frames denoted, respectively, by _r (or dr=dt) and �r=�t are
related by the following equation [4]:

_r� dr

dt
� �r
�t
�! � r

The relative velocity �r=�t expressed in the �X; Y; Z� coordinate
system is given by

�r

�t
�t� � _r� ! � r�t� � _R � _RL � ! � r�t�

�

� na
�1�e2�1=2 sin ��t� �

nLaL
�1�e2

L
�1=2 �sin��L�t� � �L0� � eL sin �L0� � _�L�t��R�t� sin ��t� � RL�t� sin��L�t� � �L0��

na
�1�e2�1=2 �cos ��t� � e� �

nLaL
�1�e2

L
�1=2 �cos��L�t� � �L0� � eL cos �L0� � _�L�t��R�t� cos ��t� � RL�t� cos��L�t� � �L0��

0

2
6664

3
7775 (5)

where the equality ��=p�1=2 � na=�1 � e2�1=2 and Lemma 1 with
�� 0 are used. Thus, the relative velocity at t0 is
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Fig. 2 Coplanar periodic relative orbits (aL � 24; 616 km, eL � 0:73074).

Fig. 3 Leader and follower at t: noncoplanar.
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�r

�t
�t0� �

� na
�1�e2�1=2 sin �0 �

nLaL
�1�e2L�

1=2 eL sin �L0 � nL
�1�e2L�

3=2 �1� eL cos �L0�2 a�1�e2�
1�e cos �0 sin �0

na
�1�e2�1=2 �cos �0 � e� �

nL
�1�e2L�

3=2 �1� eL cos �L0�2 a�1�e2�
1�e cos �0

cos �0
0

2
64

3
75 (6)

Because �r=�t in two coordinate systems �X; Y; Z� and �x; y; z�
coincide at t0, Eq. (6) is also the relative velocity in the �x; y; z�
coordinate system. Hence, Eq. (4) with t� t0 and Eq. (6) give the
initial positions and velocities at t0: that is,

x�t0�
y�t0�
z�t0�

2
4

3
5�

A�1�e2�
1�e cos �0 cos �0 �

aL�1�e2L�
1�eL cos �L0

a�1�e2�
1�e cos �0 sin �0

0

2
64

3
75 (7)

_x�t0�
_y�t0�
_z�t0�

2
4

3
5�

� na
�1�e2�1=2 sin �0 �

nLaL
�1�e2L�

1=2 eL sin �L0 � nL
�1�e2L�

3=2 �1� eL cos �L0�2 a�1�e2�
1�e cos �0 sin �0

na
�1�e2�1=2 �cos �0 � e� �

nL
�1�e2L�

3=2 �1� eL cos �L0�2 a�1�e2�
1�e cos �0

cos �0
0

2
64

3
75 (8)

Equations (7) and (8) are general initial conditions corresponding
to an arbitrary eccentric orbit of the follower, and the substitution of
a� aL and n� nL yields a periodic solution of Eq. (3).

Theorem 1. Let �� �aL; e� be an inertial coplanar eccentric orbit
of the follower. Let t0 be the time atwhich the leader is in the direction
of e, and let �0 � ��t0�. Then the relative motion of the follower with
respect to the leader is periodic, and the initial conditions of Eq. (3) at
t0 are given by

x�t0�
y�t0�
z�t0�

2
4

3
5�

aL�1�e2�
1�e cos �0 cos �0 �

aL�1�e2L�
1�eL cos �L0

aL�1�e2�
1�e cos �0 sin �0

0

2
64

3
75 (9)

_x�t0�
_y�t0�
_z�t0�

2
4

3
5�

� nLaL
�1�e2�1=2 sin �0 �

nLaL
�1�e2

L
�1=2 eL sin �L0 �

nL
�1�e2

L
�3=2 �1� eL cos �L0�

2 aL�1�e2�
1�e cos �0 sin �0

nLaL
�1�e2�1=2 �cos �0 � e� �

nL
�1�e2

L
�3=2 �1� eL cos �L0�

2 aL�1�e2�
1�e cos �0 cos �0

0

2
64

3
75 (10)

Initial conditions in this theoremwith eL � 0 recover those in [17].
Using Eqs. (9) and (10), periodic solutions of Eq. (3) corresponding
to aL � 24; 616 km and eL � 0:73074with parameter e are depicted
in Figs. 2a–2d. In Fig. 2a, the leader and the follower are on theX axis

at t� 0. If e < eL, the perigee height is larger for the follower orbit
and x�0�> 0. If e > eL, then x�0�< 0 and the periodic orbit is
inverted.

Now consider noncoplanar orbits of the follower and their
associated initial conditions of Eq. (3). General noncoplanar orbits of
the follower can be generated by two successive rotations C2��� and
C1� � (see Fig. 3), where

C1� � �
1 0 0

0 cos sin 
0 � sin cos 

2
4

3
5

C2��� �
cos � 0 � sin�
0 1 0

sin� 0 cos�

2
4

3
5

In fact, let � �X; �Y; �Z� and � ~X; ~Y; ~Z� be the perifocal reference frames
obtained by rotating �X; Y; Z� around the Y axis by �� and then

around the �X axis by � successively: i.e., C2���: � �X; �Y; �Z� !
�X; Y; Z� and C1� �: � ~X; ~Y; ~Z� ! � �X; �Y; �Z�. The position vector of
the follower at time t in the � ~X; ~Y; ~Z� coordinate system is given by

R �t� �
R�t� cos ��t�
R�t� sin ��t�

0

2
4

3
5

and in the �X; Y; Z� coordinate system is given by
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Fig. 4 Noncoplanar periodic relative orbits (aL � 24; 616 km, eL � 0:73074).
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R �t� � C2���C1� �
R�t� cos ��t�
R�t� sin ��t�

0

2
4

3
5

�
R�t� cos ��t� cos�� R�t� sin ��t� sin� sin 

R�t� sin ��t� cos 
R�t� cos ��t� sin�� R�t� sin ��t� cos� sin 

2
4

3
5

Hence, the relative position vector r in the �X; Y; Z� coordinate
system becomes

r�t�

�
R�t�cos��t�cos��R�t�sin��t�sin�sin �RL�t�cos��L�t���L0�

R�t�sin��t�cos �RL�t�sin��L�t���L0�
R�t�cos��t�sin��R�t�sin��t�cos�sin 

2
4

3
5

(11)

The relative velocity expressed in the �X; Y; Z� coordinate system is
then

�r�t�
�t
� _r � ! � r�t� �

� na
�1�e2�1=2 sin ��t� cos��

na
�1�e2�1=2 �cos ��t� � e� sin� sin �

nLaL
�1�e2

L
�1=2 �sin��L�t� � �L0� � eL sin �L0�

na
�1�e2�1=2 �cos ��t� � e� cos �

nLaL
�1�e2L�

1=2 �cos��L�t� � �L0� � eL cos �L0�

� na
�1�e2�1=2 sin ��t� sin� �

na
�1�e2�1=2 �cos ��t� � e� cos� sin 

2
664

3
775

�

_�L�t��R�t� sin ��t� cos � RL�t� sin��L�t� � �L0��
� _�L�t��R�t� cos ��t� cos�� R�t� sin ��t� sin� sin � RL�t� cos��L�t� � �L0��

0

2
664

3
775 (12)

Hence, the initial conditions at t0 are given by
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Fig. 5 Leader and virtual satellite at t: coplanar.

Table 1 Parameters of eccentric orbit

Constants Values

Re 6378 km
� 398; 601 km3=s2

hp 250 km
ha 36226 km
e 0.73074
aL 24616 km
T 38436 s
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x�t0�
y�t0�
z�t0�

2
4

3
5 �

a�1�e2�
1�ecos�0 cos�0 cos��

a�1�e2�
1�ecos�0 sin�0 sin� sin �

aL�1�e2L�
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�1�e2�1=2 �cos �0 � e�
� na
�1�e2�1=2 sin �0 sin�

2
664

3
775

�

nL
�1�e2

L
�3=2 �1� eL cos �L0�

2 a�1�e2�
1�e cos �0 sin �0 cos�

� nL
�1�e2L�

3=2 �1� eL cos �L0�2 a�1�e2�
1�e cos �0 �cos �0 cos�� sin �0 sin� sin �

0

2
6664

3
7775 (14)

Note that Eqs. (13) and (14) are reduced to Eqs. (7) and (8) if �� 0
and  � 0. Setting a� aL and n� nL, initial conditions of a
periodic solution of Eq. (3) are obtained.

Theorem 2. Let �� �aL; e; �;  � be a noncoplanar eccentric orbit
of the follower. Let t0 be the time atwhich the leader is in the direction
of Pe, and let �0 � ��t0�, where P is the rotation defined by
C2���C1� � onto the orbit plane of the leader. Then the relative
motion of the follower with respect to the leader is periodic, and the
initial conditions of Eq. (3) at t0 are given by

x�t0�
y�t0�
z�t0�

2
4

3
5 �

aL�1�e2�
1�ecos�0 cos�0 cos��

aL�1�e2�
1�ecos�0 sin�0 sin� sin �

aL�1�e2L�
1�eL cos�L0

aL�1�e2�
1�ecos�0

sin�0 cos 
aL�1�e2�
1�ecos�0 cos�0 sin��

aL�1�e2�
1�ecos�0 sin�0 cos� sin 

2
664

3
775 (15)

and

_x�t0�
_y�t0�
_z�t0�

2
64

3
75�

� nLaL
�1�e2�1=2 sin �0 cos��

nLaL
�1�e2�1=2 �cos �0 � e� sin� sin �

nLaL
�1�e2

L
�1=2 eL sin �L0

nLaL
�1�e2�1=2 �cos �0 � e�
� nLaL
�1�e2�1=2 sin �0 sin�

2
664

3
775

�

nLaL
�1�e2

L
�3=2 �1� eL cos �L0�

2 �1�e2�
1�e cos �0 sin �0 cos�

� nLaL
�1�e2L�

3=2 �1� eL cos �L0�2 �1�e2�
1�e cos �0 �cos �0 cos�� sin �0 sin� sin �

0

2
6664

3
7775 (16)

Initial conditions in the theoremwith eL � 0 recover those of [17].
Periodic relative orbits generated by the rotation of a coplanar orbit
around the Y and X axes, respectively, are given in Figs. 4a and 4b.

The perifocal reference frame of an orbit is determined from the
geocentric-equatorial reference frame using the rotation matrix
C3�!�C1�i�C3���, where � is the right ascension of the ascending
node, i is the inclination of the orbit plane, and ! is the argument of
the perigee. The rotation angles� and are then determined from the
relative Euler angles of the two perifocal reference frames of the
leader and follower orbits.

The linearized equations of Eq. (3) at the null solution x� y�
z� 0 are given by

�x� 2 _�L _y� ��Ly�
�
_�
2
L �

2�

R3
L

�
x� ux

�y��2 _�L _x � ��Lx�
�
_�
2
L �

�

R3
L

�
y� uy; �z�� �

R3
L

z� uz

(17)

which are known as Tschauner–Hempel equations [20]. Defining

x � � x y _x _y z _z �T; u� �ux uy uz �T

the TH equations in the state-space form become

_x� A�t�x� Bu (18)

where

A�t� �

0 0 1 0 0 0

0 0 0 1 0 0
_�
2
L � 2�=R3

L 0 ��L 2 _�L 0 0

� ��L _�
2
L � �=R3

L �2 _�L 0 0 0

0 0 0 0 0 1

0 0 0 0 ��=R3
L 0

2
6666664

3
7777775

B�

0 0 0

0 0 0

1 0 0

0 1 0

0 0 0

0 0 1

2
6666664

3
7777775

Equation (3) is rewritten in a semilinear form as

_x� A�t�x� Bu� Bg�x� (19)

where
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g�x� � ��=R2
L � ��x� RL�=R3 � 2�x=R3

L ��y�1=R3 � 1=R3
L� ��z�1=R3 � 1=R3

L� �T

The TH system (18) will be used to design feedback controllers.

III. Formation Acquisition and
Reconfiguration Problems

In this section, formation and reconfiguration problems based on
the periodic relative orbits are considered. First, a characterization of
relative orbits is given. Let �X0; Y0; Z0� be an inertial reference frame
such that the �X0; Y0� plane coincides with the orbit plane of the
leader. Let �L � �aL; eL� be the inertial orbit of the leader, and let
�� �a0; e� be a coplanar inertial orbit of the follower. Then the
relative orbit is determined by the initial time t0 and the initial true
anomaly �0, and hence it will be denoted by � � �a0; e; t0; �0�.
Similarly, the relative orbit corresponding to a noncoplanar inertial
orbit is denoted by � � �a0; e; t0; �0; �;  � if the angles of successive
rotations of the coplanar orbit around theY axis and the �X axis are��
and� , respectively.Our formation acquisitionproblem is described
as follows. For a given initial relative orbit �0 � �a; e; t0; �0; �0;  0�
and a final periodic orbit �f � �aL; ef; tf0; �f0; �f;  f�, find a feed-
back control such that the solution of Eq. (19) starting from the initial
orbit tracks �f asymptotically. The performance index of the con-
troller is the total velocity change represented by the L1-norm of
its control input. If, in particular, the initial orbit is periodic, i.e.,
�0 � �aL; e0; t0; �0; �0;  0�, it is a reconfiguration problem.

Note that two orbits �0 and �f in general have different initial
times, which is inconvenient for control purposes. Below, it will be
shown how to calculate the relative state of the final orbit at t0. Recall
that the relative dynamics of the follower are given by Eq. (19) so that

_x� A�t�x� Bu� Bg�x�; x�t0� � x0 (20)

where the initial condition x0 is determined by �0. To track �f,
a virtual satellite is introduced, which follows the free motion of
Eq. (19): i.e.,

_x f � A�t�xf � Bg�xf�; xf�tf0� � xf0 (21)

where xf0 is determined by �f. Without loss of generality, the
inequality t0 > tf0 is assumed. For simplicity, consider a coplanar
orbit �f � �aL; ef; tf0; �f0� (see Fig. 5). Then the relative positions of
the virtual satellite at t in the perifocal reference frame of the initial
orbit �� �a; e� are given by

r �t� �Rf�t� � RL�t�

�
Rf�t� cos��f�t� � �0f� � RL�t� cos��L�t� � �L0�
Rf�t� sin��f�t� � �0f� � RL�t� sin��L�t� � �L0�

0

2
4

3
5

where �0f is the angle between e and ef , and

Rf�t� �
AL�1 � e2f�

�1� ef cos �f�t��

Note that �0f is not equal to �f�t0� or to �f�tf0�. As in the previous
section,
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Fig. 9 Controlled trajectory: coplanar.

Table 2 Performance indices: example 1

Performance indices Values

kuk1 3:3184 m=s
kuk2 1:7635 � 10�2 m=s3=2

Ts 114,301 s
umax
x 2:1655 � 10�4 m=s2

umax
y 1:7352 � 10�4 m=s2

kg�x� � g�xf�k1 1:3452 � 10�2 m=s
kunk1 3:3198 m=s
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Fig. 10 Locus of control vector: coplanar.
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Fig. 11 History of control input: coplanar.
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r f�t0� �
Rf�t0� cos��f�t0� � �0f� �

aL�t0��1�e2L�
1�eL cos �L0

Rf�t0� sin��f�t0� � �0f�
0

2
4

3
5 (22)

and

�rf�t0�
�t
� _rf�t0� � ! � rf�t0�

�

� nLaL
�1�e2

f
�1=2 �sin��f�t0� � �0f� � ef sin �0f� �

nLaL
�1�e2

L
�1=2 eL sin �L0 �

nL
�1�e2

L
�3=2 �1� eL cos �L0�

2Rf�t0� sin��f�t0� � �0f�
nLaL
�1�e2

f
�1=2 �cos��f�t0� � �0f� � ef cos �0f � �

nL
�1�e2L�

3=2 �1� eL cos �L0�2Rf�t0� cos��f�t0� � �0f�

0

2
664

3
775 (23)

where Lemma 1 with ����0f is used. The true anomaly �f�t0� is
determined by Kepler’s time equation,

n�t0 � tp� � Ef�t0� � ef sinEf�t0�

and the following relation:

cos �f�t0� �
cosEf�t0� � ef
1 � ef cosEf�t0�

where Ef is the eccentric anomaly, and the perigee passage time tp is
given by

n�tf0 � tp� � Ef�tf0� � ef sinEf�tf0�

cos �f�tf0� �
cosEf�tf0� � ef
1 � ef cosEf�tf0�

The initial condition xf�t0� is then obtained by rearranging Eqs. (22)
and (23). When �f is noncoplanar, the relative position and velocity
at t0 can be derived using rotation matrices.

Now feedback controllers such that x�t� � xf�t� ! 0 as t!1
are designed. Introduce the error dynamics

_�� A�t��� Bu� B�g�x� � g�xf�� (24)

where �� x � xf. As a main performance index, the total velocity
change (L1-norm) of a controller, which represents the fuel con-
sumption, is employed. Recall that �A�t�; B� is null-controllablewith
vanishing energy [15]. This is a property by which any state can be
steered to the origin with an arbitrary small amount of control energy
in the L2 (square integral) sense, provided that the time duration is
free. Consider the DRE

� _X� ATX�t� � XA�t� �Q � XBR�1BTX (25)

and the feedback controller

u ��R�1BTX�t�� (26)

whereQ is nonnegative andR is positive. If
����
Q
p

andA are detectable,
the DRE has a unique T-periodic stabilizing solution [29]. Its initial
condition X�0� is calculated recursively by

� _Xk � ATXk�t� � XkA�t� �Q � XkBR�1BTXk
Xk�T� � Xk�1�0�

where X0�T� � 0. In fact, Xk�0� converges monotonically to X�0�.
In [15], the feedback controller (26) is applied to the

reconfiguration problem for the TH error system. Because of the
NCVE property, its L2-norm converges to zero as Q goes to zero
(or, equivalently, as R increases to infinity). In the next section, the
feedback controller (26) is employed for the reconfiguration problem
of the nonlinear system (20), and the total velocity change will be
computed. Instead of the feedback controller (26), the nonlinear
feedback controller

u n ��R�1BTX� � �g�x� � g�xf�� (27)

[which stabilizes Eq. (24) globally] can be employed. When the
relative orbit is small, the total velocity changes of feedback

controllers (26) and (27) are almost identical, as shown in the next
section.

IV. Simulation Results

To see the effects of large eccentricity on relative orbits, an elliptic
orbit of the leader with eccentricity e� 0:73074 considered in [15] is
chosen. Table 1 shows the parameters of this orbit, where hp and ha
are the height of the perigee and apogee, respectively. The semimajor
axis is aL � 24; 616 km and the period of this orbit is T � 38436 s.
The radius of the Earth Re and the gravitational constant of the Earth
� are also given in the table. Let �i; j; k� be the basis vectors of the
inertial frame �X0; Y0; Z0�.

Example 1. Coplanar Formation: A Synchronized Case. Let �0 �
�aL; 0:7315i; 0; 0� and �f � �aL; 0:73082i; 0; 0� be two periodic
relative orbits, and consider the reconfiguration from �0 to �f. In
this case, �X0; Y0; Z0� is the perifocal reference frame of the two
orbits, and the leader, follower, and virtual satellite are initially on
the X0 axis so that t0 � tf0 � 0. Using Eqs. (9) and (10), the initial
conditions of the nonlinear system (20) and (21) are given,
respectively, by

x0���18:707 0:00000 0:00000 0:04546 0:00000 0:00000 �
xf0���1:9692 0:00000 0:00000 0:0047829 0:00000 0:00000 �

This example does not involve the out-of-plane motion, and
hence the four-dimensional subsystems of Eq. (19) are used for
simulations. As in [15], Q and R in Eq. (25) are assumed to be
diagonal, i.e., Q� diag�qi� and R� 10rI with qi � 1:0 � 10�9

(i� 1, 2), and qi � 0 i� 3, 4). The L1 and L2-norms of the control
input and the settling time are given as functions of the parameter r
and are depicted in Figs. 6–8. Here, the settling time is defined as the
first time after which inequalities jx � xfj, jy � yfj< 10�6rmin,
j _x � _xfj, and j _y � _yfj< 10�6vmin are satisfied, where rmin is the
minimumdistance of a point in the final orbit from its center, and vmin
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Fig. 12 Controlled trajectory: coplanar/general.
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is the minimum velocity of the follower in the final orbit. The
parameter r� 7 is selected to make the settling time less than three
orbits (3T�. The controller (26) is applied to the nonlinear
system (20). Figure 9 shows two orbits, �0 and �f, and the controlled
trajectory. Performance indices are given in Table 2. The total
velocity change for the reconfiguration is shown as the L1-norm and
is 3:3184 m=s, and the settling time Ts � 114; 301 s. The control
accelerations are in the ranges of

� 4:2863 � 10�5 < ux < 2:1655 � 10�4 m=s2

and

� 1:5378 � 10�4 < uy < 1:7352 � 10�4 m=s2

The locus of the vector uin � � ux uy �T and the histories of the
inputs ux and uy are given, respectively, in Figs. 10 and 11. These
figures indicate a specification for the thruster of the in-planemotion.
The L1-norm of the nonlinear term g�x� � g�xf� is 1:3452 �
10�2 m=s and is less than 1% of the total velocity change. The
nonlinear feedback (27) is also applied to the system (20). The
controlled trajectory is almost identical with that in Fig. 9, and itsL1-
norm is 3:3198 m=s. The initial value of the stabilizing T-periodic
solution of the DRE is given by

X�0� �

0:040315 �0:0021630 3:1708 16:458
�0:0021629 0:00028889 �0:41876 �0:85139

3:1708 �0:41876 612:10 1251:3
16:458 �0:85139 1251:3 6728:6

2
664

3
775

Example 2. Coplanar Formation: A General Case. Consider the
initial and final orbits given by �0 � �aL; 0:73087i0; 0; 0� and
�f � �aL; 0:73082i;�0:71462; 0�, where i0 is the 10�3 radian
rotation of i in the positive direction. Thus, the X0 axis is the perigee
direction of the leader and virtual satellites. The initial conditions of
the follower and the virtual satellite at t0 � 0 and tf0 ��0:730870,
respectively, are given by

x 0�0�
���3:2017 0:00000 0:0047382 0:0077778 0:00000 0:00000 �
xf0��0:73087�
���1:9692 0:00000 0:00000 0:0047829 0:00000 0:00000 �

Inview of Eqs. (9) and (10), the state of the virtual satellite at t0 � 0 is
given by

x f�0�
���1:9721 �4:4137 �0:0028657 0:0047860 0:00000 0:00000�

In this example, the penalty parameters of Example 1 are used.
Figure 12 gives two orbits (�0 and �f) and the controlled trajectory.
The histories of the inputs ux and uy are given in Fig. 13. The
performance indices are given in Table 3. The total velocity change
for the reconfiguration is 3:4173 m=s, and the settling time
Ts � 115; 262 s. The control accelerations are in the ranges of

� 4:0077 � 10�5 < ux < 3:7984 � 10�4 m=s2

and

� 2:4945 � 10�4 < uy < 6:2095 � 10�4 m=s2

The initial value of the stabilizing T-periodic solution of the DRE is
given by

X�0� �

0:040315 �0:0021640 3:1714 16:458
�0:0021640 0:00028901 �0:41878 �0:85180

3:1714 �0:41888 612:20 1251:5
16:458 �0:85180 1251:5 6728:5

2
664

3
775

The sizes of the initial and final orbits in Examples 1 and 2 are of
the same order as those of an example of the TH equations in [15], in
which the initial time to start control action is optimized, and the total

velocity change for the reconfiguration is 2:5969 m=s, and the
settling time is Ts � 100; 341 s. The performance indices in
Examples 1 and 2 are of the same order, and hence the feedback
controller (26) is equally effective both for the TH equations and the
nonlinear relative dynamics.

Example 3. Noncoplanar Formation. Consider the initial and
final orbits given, respectively, by �0 � �aL; 0:731i; 0; 0; 0; 0� and
�f � �aL; 0:731i; 0; 0; 002; 0�. The initial orbit is coplanar, and its
perifocal reference system is �X0; Y0; Z0�. At time t0 � 0, the leader
and the follower are on the X0 axis. The final orbit is the ��
0:002 rad rotation of the initial orbit �0, and the initial position of the
virtual satellite at tf0 � t0 � 0 is on the �X0 axis, where � �X0; �Y0; �Z0� is
the corresponding perifocal reference system. The initial conditions
at t0 � 0 of the follower and the virtual satellite are given by

x 0���6:4001 0:00000 0:00000 0:015547 0:00000 0:00000 �
xf0���6:4133 0:00000 0:00000 0:015568 13:243 0:00000 �

Thus, the out-of-plane motion is the main motion of the follower.
There are two additional penalty parameters in this example, which
are set asq5 � 1:0 � 10�9 andq6 � 0. Figure 14 shows the initial and
final orbits and the controlled trajectory.Thehistories of the inputs are
given in Fig. 15. The performance indices are given in Table 4. The
total velocity change for theout-of-planemotion is10:821 m=s and is
large compared with those of the in-plane motion in the previous
examples. The in-plane motion is negligible in this example, and the
total velocity change is 6:2124 � 10�2. Hence, the total velocity
change for the reconfiguration is 10:822 m=s. The settling time is
Ts � 167; 046 s and is large compared with those of the previous
examples. The initial value of the stabilizing T-periodic solution of
the DRE is given by

Table 3 Performance indices: example 2

Performance indices Values

kuk1 3:4173 m=s
kuk2 2:6875 � 10�2 m=s3=2

Ts 115,262 s
umax
x 3:7984 � 10�4 m=s2

umax
y 6:2095 � 10�4 m=s2

Table 4 Performance indices: example 3

Performance indices Values

kuink1 6:2124 � 10�2 m=s
kuink2 2:8047 � 10�4 m=s3=2

kuzk1 10:821 m=s
kuzk2 5:9816 � 10�2 m=s3=2

Ts 167,046 s
umax
x 1:7324 � 10�6 m=s2

umax
y 8:0799 � 10�6 m=s2

umax
z 6:4671 � 10�4 m=s2
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Fig. 13 History of control input: coplanar/general.
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X�0� � diag

8>><
>>:

0:040315 �0:0021630 3:1708 16:458
�0:0021629 0:00028889 �0:41876 �0:85139

3:1708 �0:41876 612:10 1251:3
16:458 �0:85139 1251:3 6728:6

2
664

3
775; 0:000095626 0:030171

0:030171 19:977

� �
9>>=
>>;

V. Conclusions

This paper gives a complete characterization of the initial con-
ditions of all periodic solutions of the nonlinear relative dynamics
along an eccentric orbit. An explicit formula for the initial position
andvelocity is given in termsof themeanmotion, semimajor axis, and
eccentricity of the leader’s inertial orbit; the initial true anomaly and
eccentricity of the follower’s inertial orbit; and twoof theEuler angles
of the follower’s perifocal reference frame relative to that of the
leader. These periodic relative orbits lead to a natural formation
problem using the original nonlinear relative dynamics. In this study,
feedback controllers of the linear quadratic regulator theory are
employed, and as amain performance index, the total velocity change
for the formation acquisition or reconfiguration is adopted. By
numerical calculations it has been confirmed that the total velocity
change for formation acquisition and reconfiguration decreases
monotonically as the penalty on control increases. This property
is due to the null controllability with vanishing energy of the
Tschauner–Hempel system. The settling time, on the other hand,
increases as the penalty on control increases. This gives a design
method of suboptimal controllers. Numerical simulations using a
suboptimal controller have shown that the total velocity change and
the settling time for coplanar reconfiguration problems are close to
those for the Tschauner–Hempel system given by Shibata and

Ichikawa [15]. Moreover, the maxima of the absolute values of con-
trol accelerations are very small. Thus, feedback controllers of the
linear quadratic regulator theory are equally effective for the new
formation acquisition and reconfiguration problems based on the
periodic solutions of the nonlinear relative dynamics.

As a future work, the generation of periodic solutions of the
nonlinear relative dynamics with additional perturbations is import-
ant. It is also useful to express initial conditions of this paper in terms
of the orbital elements of the leader and follower.
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